Abstract: Based on elastic considerations, a new four parameter model of the hydrostatic compression curves of sandy soils is presented. Using a unique set of parameters, this model is capable of accurately representing the infinite family of compression curves that result when soil is subjected to stresses below particle breakage. The parameters are readily estimated from two hydrostatic tests conducted at different initial densities during loading and unloading stages. The resulting equations are able to predict the effect of progressive stiffness increase and compressibility reduction that occur as void ratio decreases during both loading and unloading conditions. The same normalized stress scale employed for the hydrostatic compression curves can also be used to describe the steady state line, which leads to a unique framework for representing the stress-void ratio curves of sandy soils. A comprehensive series of simulations on 13 different types of sandy soils in both loose and dense states was performed under a wide range of mean stresses during loading and unloading conditions. The simulations gave very satisfactory agreement with published experimental results.
Introduction
In the last 40 years, several theories and models have been developed to reproduce the observed behaviour of sandy soils. The complex nonlinear behaviour of these soils is governed by the interaction between shear and volumetric deformation, which is affected by initial packing state and stress conditions. Two main alterations to the original framework of critical state soil mechanics (Roscoe et al. 1958; Schofield and Wroth 1968) have been introduced, to better predict the combined effect of density and stress with a unique set of model parameters (Papadimitriou et al. 1999) . These alterations are: (i) an allowance for an infinite number of hydrostatic compression curves before particle breakage becomes prevalent (as opposed to the uniqueness of this line for clays); and (ii) an association of the stressdilatancy behaviour of soils with state variables defined with respect to the steady state line, such as the state parameter j (Been and Jefferies 1985) , the state index I s (Verdugo 1992; Ishihara 1993) , and the relative void ratio r e (Bauer 1996) , among others. The implication is that the representation of the hydrostatic compression curves and steady state line plays a relevant role in constitutive modelling, especially for double-hardening models (Lade 1977; Prevost 1985; Banerjee et al. 1992) , where the mechanisms of shear and volume are considered separately. Figure 1 illustrates experimental families of hydrostatic compression curves in the void ratio -mean stress plane for a wide range of sandy soils. In general, the compression curves are nonlinear for this range of stresses, and are strongly influenced by the elastic properties of individual soil particles and by initial packing conditions in terms of soil density, fabric, and structure. The behaviour of sandy soils in this range of stresses corresponds to a true behaviour of an assemblage of particles, and plays a fundamental role in constitutive modelling (Jefferies and Been 2000) . At high stress levels, it is possible to define a unique compression line associated with particle breakage, as proposed by Coop and Lee (1993) and Pestana and Whittle (1995) . In principle, the stress level at which particle breakage starts and the unique compression line is reached depends not only on the strength of the soil particles, but also on the initial density of the soil (Coop and Lee 1993) .
Described in this paper is a new model for representing the infinite family of hydrostatic compression curves of sandy soils before particle crushing becomes prevalent. This model is based on the well established empirical relation of the elastic shear modulus proposed by Hardin and Richart (1963) . It is also shown herein that the steady state line can be represented in the same normalized stress scale of the hydrostatic compression curves, leading to a unique framework for describing the stress-void ratio curves of sandy soils. Note that in this model, all stresses are effective and compression is assumed to be positive.
Hydrostatic compression model
A literature review (Table 1) indicates that the total volumetric deformation, 3 v , that occurs during hydrostatic loading before particle breakage becomes prevalent can be approximately described by a function of initial density packing and normalized stress, as described in eq. [1]. Proposed variations of this function are summarized in Table 1 .
where f is a dimensionless function, C i represents ''i'' dimensionless model parameters that depend on the type of material, e o is the void ratio when p=p r ¼ 0, a is a parameter that describes the influence of the normalized stress (p/p r ), p is the mean stress (i.e., p ¼ ð 1 þ 2 þ 3 Þ=3), and p r is a normalizing reference stress. Three main types of models were identified. The first type corresponds to models where the influence of the void ratio and normalized mean stress are calculated using two separate and independent functions (e.g., Hansen 1967; Bauer 1996; Park and Byrne 2004) . The second model type makes use of a combined function of void ratio and normalized mean stress (e.g., Hardin 1987; Pestana and Whittle 1995) . In the third type of models, parameters are calibrated for each formation density (Qubain et al. 2003) . Except for the Pestana and Whittle (1995) model, which is a simplified version of an original elastoplastic model, all of the above models consider the density effect an approximation of the mean behaviour of individual tests. The proposed model belongs to the first group of models, where the influence of the void ratio and normalized mean stress can be considered by two separate and independent functions, i.e.
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" v ¼ f 1 ðC; e o Þf 2 ; p p r where f 1 and f 2 are dimensionless functions, C and a are dimensionless model parameters, and p r is the atmospheric pressure (~100 kPa). The general forms of the functions f 1 and f 2 are derived assuming an isotropic and elastic material. This assumption relates in a proportional manner to the elastic bulk modulus K (K ¼ dp=d" v ), and the elastic shear modulus G through the Poisson's ratio (i.e., K ¼ G½2ð1 þ Þ=½3ð1 À 2Þ). Most empirical expressions for modelling the isotropic elastic shear modulus are expressed as in eq.
[3] (e.g., Hardin and Richart 1963; Seed and Idriss 1970 )
where A is a material constant at very small amplitudes of shear strains (approximately 10 -6 ), and F(e) is a function that reflects the influence of the void ratio. In eq.
[3], the elastic shear modulus is proportional to the exponential normalized mean stress ðp=p r Þ n , where n is a model parameter that ranges between 0 and 1. This is in agreement with particle mechanics considerations (Hertz 1881; Mindlin and Deresiewicz 1953; Chang et al. 1992 ) and the generalized constrained modulus proposed by Janbu (1963) [4a] was set at the void at zero mean stress (e o ), and treated as a constant for the purpose of integration. In eq.
[4b], the function f 2 has been integrated for the case n 6 ¼ 1 from p = 0. Note that integrating f 2 with n = 1 will lead to the familiar straight line in the semilogarithmic plane. To simplify the analysis, the Poisson's ratio was assumed to be constant, independent of density or stress. As will be shown later, the model parameter A s is determined directly from the experimental data, and hence it is not necessary to specify a value for the Poisson's ratio. By substituting eq.
[4] in eq.
[2], and assuming material particles to be incompressible (i.e., d" v ¼ Àde=ð1 þ e o Þ), the hydrostatic compression curves must appear linear in the e À ðp=p r Þ = plane, as shown in Fig. 2 for the Toyoura sand. As expected, the slope, l(e o ), decreases progressively as the void ratio decreases, indicating a reduction of compressibility. The analytical form of F(e o ) is determined by considering as candidates two functions that can generally be used to describe the effect of void ratio on the elastic shear modulus, namely Hardin and Richart 1963; Iwasaki and Tatsuoka 1977) , and (Hertz 1881; Biarez and Hicher 1994; Lo Presti et al. 1997) , where b and d are model parameters. The most appropriate void ratio function F(e o ) must satisfy eq. [5] . Figure 3 illustrates the result of the aforementioned condition for the Toyoura sand using the two candidate functions and the adjusted values of l(e o ) and e o from Fig. 2 . The parameters of each void ratio function, b and d, were optimized to best fit the available data. From an examination of Fig. 3 , and an observation of similar results obtained for other sands using the same condition, the void ratio function proposed by Hardin and Richart (1963) was selected. The following final model for the hydrostatic compression of sandy soils is obtained, as shown in eq. [6] .
It should be noted that the elastic shear modulus was used 
Unloading-reloading
To keep the model simple and the number of parameters to a minimum, the proposed model assumes that the same relationship used for loading (eq. [6]) holds up during unloading-reloading
where e rev and p rev are the void ratio and mean stress, respectively, at the reversal point, and e uÀr o is the void ratio at p=p r ¼ 0 during unloading. The additional model parameter A uÀr s has dimensions of stress and can be interpreted as a stiffness property during unloading-reloading. It is implicit in eq. [7] that the model is not suitable for simulating the accumulation of plastic deformations during unloadingreloading cycles or hysteresis effects. Static problems, however, rarely involve more than one reversal point.
Model parameters and calibration
The proposed model has three input parameters that describe the hydrostatic loading behaviour of sandy soils, namely a, A s , and b, which can be separated into two groups. The first group, comprised of a, is the usual power law used to represent the nonlinear dependency of sandy soils on mean stresses; it is assumed to be independent of density. The second group of parameters, A s and b, control the influence of the initial void ratio on the sand behaviour. The parameter A s has dimensions of stress, and can be interpreted as the stiffness property during loading. To calibrate the model parameters, two hydrostatic compression tests at different densities are employed as upper e U and lower e L reference curves. Once the parameters are determined, the hydrostatic compression behaviour can be simulated for any e-p state between these two reference curves. Ideally, the upper reference curve should be defined using the experimental hydrostatic compression curve for the loosest possible state that a given sandy soil can achieve within a given fabric. In a similar way, the lower reference curve should be defined by use of the hydrostatic compression curve for the densest state. For the common range of pressures anticipated in engineering practice, the hydrostatic compression curve for the densest state provides the lowest limit of states in the e -p plane (Verdugo and Ishihara 1996) . It is important to note that the hydrostatic compression curve for the loosest state depends on sample preparation method and (or) mode of deposition of the soil, while for the densest state, the hydrostatic compression curve is almost unique (Ishihara 1993) .
To evaluate the parameter a and the maximum applicable stress, p max , of eq. [6], a least square analysis can be performed simultaneously on the upper and lower reference curves in the e À ðp=p r Þ = plane. The selection of the parameter a is influenced by the stress level under consideration, and, as indicated by Pestana and Whittle (1995) , no single power law function can fit the experimental data over the entire range of stresses. Based on this constraint, a default value of 0.5 can be used for a, which agrees with literature values (Janbu 1963; Cornforth 1974; Hardin 1987; Park and Byrne 2004) , unless the available data indicates that a different value would be more appropriate. Once the value of a is determined, the adjusted values of e oU , l U , e oL , and l L are obtained directly from the least square fit. By application of eq.
[6] to the upper and lower reference curves, eq. [8] is obtained. 
From eq.
[9], the lower limit for b is given by b = -1, when l U = l L , i.e., for an infinite family of parallel curves in the e À ðp=p r Þ = plane. Figure 4 clarifies the influence of b on the calculated compression curves for a given value of A s . Figure 4 provides the following observations:
(1) The parameter b controls the transition of the slopes of the calculated compression curves, between the upper and lower reference curves. (2) In terms of the compressibility of sandy soil, b/e oU > 1 indicates compressibility decreases progressively as void ratio decreases, whereas b/e oU < 1 indicates compressibility tends to increase as void ratio decreases. (3) For the case b/e oU < 1 and a fixed e oU , a higher value of b decreases the influence of the void ratio on the calculated slopes of the compression curves. The opposite holds for b/e oU < 1. The parameter A s is determined by substituting eq.
[9] in eq.
[6b] for any of the reference curves, to yield eq. [10].
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It should be noted that, whereas the knowledge of b is necessary for the determination of A s , b unifies the effect of the void ratio while A s =p r is the resulting slope in the normalized ðp=p r Þ = À ðe o À eÞ½ðb À e o Þ=ð1 þ e o Þ 2 plane, as shown in Fig. 5 for all the Erksak and the Toyoura data.
The additional unloading-reloading stiffness parameter A uÀr s is evaluated from one isotropic compression test with unloading stage. Model performance during unloadingreloading can be refined by performing a series of unloading-reloading tests at different initial densities and different reversal stresses, as illustrated in Fig. 6 for the Erksak sand. As pure elasticity only exists during infinitesimal unloading, data may be scattered. The process above was applied to experimental data collected from experiments described in the literature, which were conducted on 16 differ-ent types of sandy soils and three granular materials. The results of the calibration procedure and the corresponding index properties for each material are presented in Table 2 . When unloading conditions were not available in the experimental data set, a value equal to twice the loading stiffness was assumed. This value corresponds to the average unloading-loading stiffness ratio for clean sands (Callais, Erksak, Fuji River, Nevada, and Toyoura sands) with reported unloading stage. Examination of Table 2 provides the following preliminary findings:
(1) The proposed model's range of applicable stresses depends on the characteristics of each sandy soil. For the Toyoura sand, the applicable stress level is around 4000 kPa, while for the Chattahoochee River sand, the model gives excellent predictions for stresses between 800 and 15 000 kPa. For the carbonate Dog's Bay sand, the experimental data start to deviate from the model predictions for stresses beyond 1500 kPa. In the cases of the intact Saprolitic Tuff and Saprolitic granite, the model is able to simulate the behaviour for stress levels below 400 kPa, which corresponds approximately to a ''quasi''-preconsolidation stress, as indicated by Wang and Yan (2006) . (2) The values of a can range from 0.0 to 1.0, and are influenced by the properties of the material. Generally, the values of a are lower than the 2/3 deduced from the Hertz's contact theory for the elastic compression of spherical particles. This can be partly attributed to the high rate of contact area increase, which occurs even for spherical particles, such as the Ballotini glass (Mohamed and El-Sohby 1969) . The low value of a determined for the Masado indicates that a representation in the conventional e À lnðp=p r Þ plane was more appropriate for this soil. The relation of the exponent of the compression modulus, n = 1 -a, with granulometric properties has been studied before by Herle and Gudehus (1999) . They concluded that, for seven sands, n decreases with decreasing C u , increasing angularity, and increasing D 50 . In the current study, a appeared to be qualitatively correlated with the reported particle classification for each sandy soil (see Table 2 ), as shown in Fig. 7 . Therefore, particle shape emerges as a significant soil index property (Cho et al. 2006) . It can be seen from Fig. 7 that, in general, a increases with increasing angularity. This is in agreement with the previously published results of Herle and Gudehus (1999) . (3) The parameter b shows an unexpectedly narrow range for pure sand materials, between 1.2 and 1.7, with an average of 1.5 ± 0.2. There are only two noticeable outliers, the Dog's Bay sand (b = 2.454) and the Chattahoochee River sand (b = 3.831). The first could be owing to the incompleteness of data collected for the densest states of Dog's Bay sand, and the second could be attributed to the high range of stresses used to calibrate the model. The higher values of b determined for the glass and impure sandy soils reflect the low influence of the initial void ratio on the range of compression curve slopes for these types of materials. Only one case with b/e o < 1 was found, and it corresponds to the Saprolitic Tuff. In this special case, the compressibility increases as the void ratio decreases. This particular behaviour was observed systematically for six of the nine experimental hydrostatic compression curves available for this soil type. This result cannot be generalized for residual soils, as the Saprolitic Granite and Masado present the expected behaviour (i.e., b/e o < 1). It may just reflect the influences of formation history and (or) sampling effects, since the initial in situ void ratio of these undisturbed samples varies significantly, considering these specimens were taken from the same sampling site (Wang and Yan 2006) . (4) The parameter A s shows a wider range of values than b, although, as mentioned previously, both parameters are correlated, as shown in Fig. 8 . This correlation provides a way to estimate the parameters A s and b with only one compression test.
Model predictions

Loading
The proposed model enables estimation of compression curves during loading and unloading conditions for any given and Yan (2006) void ratio at zero mean stress between the two reference curves. The void ratio at zero mean stress can, however, only be measured and controlled in the laboratory and so for practical applications only the initial void ratio -mean stress state (e i , p i ) is known or estimated (e.g., after consolidation or deposition). In these cases, the void ratio at zero mean stress is estimated by solving numerically the following equation.
Once e o is estimated using eq.
[11], the hydrostatic compression curve corresponding to any initial (e i , p i ) state can be established. Figure 9 illustrates the results for the Toyoura sand using the corresponding calibrated parameters presented in Table 2 . Two compression curves between the upper and lower reference curves were estimated by considering each pair (e, p) of the experimental data set as the initial one in eq. [11] . It can be seen from Fig. 9 that the model is accurate enough to reproduce almost identical compression curves for any of the given initial void ratio -mean stress states that corresponds to the same compression curve. 
Vallejos
To check the performance of the developed model, Table 3 provides the coefficient of determination as an indicator of the degree of success of the predictions. In all simulations, the first (e, p) state of the experimental data set was considered as the initial one for the estimation of e o . The proposed compression model gives highly accurate results for the eleven sandy soils presented in Table 3 . Note that the simulations corresponding to Erksak, Fuji River, Mersey River, Nevada and Toyoura, span almost the entire accessible range of void ratio for these sands.
Unloading-reloading
For unloading from a reversal point (e rev , p rev ), the void ratio e Figs. 11 and 12 for the Nevada and the Erksak sand, respectively. Expanded scales are used to improve the clarity of the comparison. Better predictions are observed for the case of the Nevada sand where the small unloading-reloading stages may induce a purely elastic response. The predictions of the model are limited for large stress reversal, which can cause some plastic straining during the unloading-reloading stage, as observed for the Erksak sand. Despite its simplicity, the model is able to reproduce the mean behaviour with satisfactory accuracy.
Steady state line
As demonstrated previously, using a unique set of parameters, the developed model is capable of accurately representing the infinite family of hydrostatic compression curves of sandy soils for a wide range of densities and stresses below particle breakage. A remarkable characteristic of the e À ðp=p r Þ = plane is that the steady state line can also be represented in this plane, which leads to a unique framework for describing the stress-void ratio curves of sandy soils. This normalized mean stress plane was previously proposed by Li and Wang (1998) for the linear representation of the steady state line for sands. Provided in Fig. 13 are the steady state lines for Toyoura, Erksak, and Saprolitic Tuff soils. A default value of the exponent, a c , of 0.7 was used for both the Toyoura and Erksak sand, as proposed by Li and Wang (1998) . For the case of the Saprolitic Tuff, a better representation of the steady state line was achieved with an a c of 0.2.
Conclusions
A new four parameter model capable of accurately representing the infinite family of hydrostatic compression curves for sandy soils has been developed. Instead of approximating the effect of density to the mean behaviour of individual tests, the model is based on two well established elastic relationships that affect the behaviour of sandy soils: the proportional dependency of the modulus on the exponential normalized mean stress, and the empirical void ratio function proposed by Hardin and Richart (1963) for the elastic shear modulus. The parameters of the model are determined directly from two hydrostatic compression tests with loading and unloading conditions set at different densities; these tests are employed as the upper and lower boundaries of the model. Once the parameters are determined, hydrostatic compression can be modelled for any void ratio -mean stress state between the two reference curves. The model can be used for stress levels encountered in most practical applications, and it is especially valuable when high stresses are not expected. The model provides a simple but accurate way of representing the hydrostatic compression curves of sandy soils in terms of total volumetric deformation. If, however, it is assumed that unloading-reloading cycles induce a purely elastic response, the total volumetric deformation can then be subdivided into elastic and plastic components. A unique conceptual framework for describing the stress-void ratio curves of sandy soils is achieved by representing the steady state line in the same normalized mean stress scale of the hydrostatic compression curves. 
